Abstract. Riesz products have been in use for constructing measures for a long time. Sometimes only a subset of the thus produced measures satisfy the desired properties. Here two such cases will be examined. The first pertains to the uniform integrability of partial sums and consists of examining the known three instances of Riesz-like products generating such measures. It is the intent of this paper to display the fact that the above three papers produce measures in the radical Rad L 1 . More precisely the result is as follows.
( †) |a k |(|a 1 | + . . . + |a k |) = O(1).
Then the resulting measure belongs to M b .
This result was originally applied with a k = 1/ √ k, which clearly gives The last statement is clear, since the L 1 -functions s N ν tend weak- * to the singular measure ν, whence no convergence in norm is possible. It thus suffices to demonstrate ν * ν ∈ L 2 , from which the remaining claim follows. A simple case of real analysis prepares for this. Let also γ = 1 + 2/x 2 1 . Then k 2 provides X(k)
By the mean value theorem applied to the square root function
The last step uses 2
On the other hand, application of the mean value theorem to
This gives the claimed convergence. Now the proposition can be completed. On grounds of the standard procedure in constructing Riesz products, it is clear by identifying Fourier coefficients that if ν is constructed with the parameters a k ∈ [−1, 1], then ν * ν is also a Riesz product based on the same independent set, but with parameters {a 2 k /2} ∞ 1 . By assumption there is ρ > 0 such that {ρ|a k |} satisfies the condition of the lemma, so one may conclude the convergence of a 4 k . By known theory, this now says that ν * ν ∈ L 2 . The proof of the proposition has been completed.
Generalized Riesz products. Both papers [K] and [Br-H] consider measures arising from weak- * convergence of products of a common kind
Here each P j is a real-valued polynomial with a particular condition on its spectrum. Write R m for the mth partial product and P j = k =0 p j,k e k . Then it is demanded that for each m, the spectra of e k R m−1 , for all k with p m,k = 0, be pairwise disjoint. In particular, it follows that ν(n) is a finite product (over j) with at most one factor from each of the non-zero elements of {p j,k } k =0 .
Introduce now distance functions
Thus, by the spectral condition, the partial products obey
which by induction gives
Observe finally that
and
Thus it follows that ν * ν ∈ L 2 as soon as
This will be achieved for Katznelson's construction as well as for Brown's and Hewitt's. Katznelson's measure. In [K] the above-mentioned polynomials take the form
Analysis of
where γ is a constant, the integers λ j increase fast enough to provide spectral disjointness, and N j satisfies (see [K] , relation (4)) 2 2(j+2)
In particular, N j > 2 2(j+2) . Furthermore, it is clear that for a constant A
which is the claimed property ν * ν ∈ L 2 .
It could be recalled that the singularity of ν is based on the value is positive, non-increasing, and tends to zero.
In the inductive procedure of constructing P m+1 , one has to satisfy (see [Br-H] , relation (7.2.6))
by choosing l large enough. Thus one finds
The construction then proceeds to build P j from frequencies of order at least l, i.e., if
On the other hand, in the central result Thm. 6.3] , the inequality (6.3.10) is equivalently providing positive constants α and β with α P j 2 2 = σ 2 (P j ) β, all j 1. Hence there is an estimate for all m 2
The partial products can now be estimated as
, where as before ν = * -lim m→∞ R m . This was the intended property.
Concluding remarks. It is clear that not every measure in
This measure is very far from being in M b . There is even a result of Salem-Zygmund:
This decay of Fourier coefficients is in fact obtained for the function
cos nθ log n . Many more elements in M b ∩ L 1 may be constructed using Polya's concavity theorem.
There seem to be available only the above three constructions, for the purpose of producing singular measures in M b ∩ M s (T). Based on the just presented calculations, it is thus natural to ask the following question.
Surrendering something to the radical, it seems more reasonable to come to terms with the next question. For k = 2 examples are plentiful, as has just been demonstrated.
Hankel-Littlewood multipliers. The intent in this main part of the paper is to produce, via Riesz products, a particular kind of Schur multipliers. To be honest, every measure on the circle group generates via its Fourier-Stieltjes coefficients a Hankel matrix which is a Schur multiplier, see Bennett's paper [Be] .
The algebra of Schur multipliers V 2 (N) is the vector space with pointwise addition and multiplication of all a :
The minimal α is the norm of a. The decisive property of Schur multipliers (see [Be] ) is that
This suggests the following notion. For 1 p 2 it is clear by the Grothendieck inequality that 
The collection of such functions is denoted T p and it becomes a Banach algebra with the norm
Varopoulos introduced T 2 in [V] and the extended use with other exponents is found in Bożejko [Bo] and Wysoczański [Wy] . The same three authors observed with increasing explicitness that an equivalent norm is given by
The reader is urged to consider this notion and Schur multipliers put in relation to the broader notion of complete boundedness. For this Pisier's monograph [P] is an ideal starting point, especially chapters 5 and 6. 
Remark. Following Duren [D, Thm. 6.7] (or with a different proof [Bo] ), the elements of T H 2 correspond precisely to the multipliers from H 1 into H 2 .
A variation on Bożejko's condition is more suitable to Riesz products. Consider two families of integer intervals:
Consideration of interval length and overlap makes the following a routine task:
The full name is of course Hankel-Littlewood measure. The collection of these measures can be denoted M HL p (T).
p is finite, so it follows that N ∩ {k ; |μ(k)| > ε} is a Paley set for every ε > 0, i.e., a finite union of lacunary sets (cf. [R, page 213] ). In particular, the set {k ; |μ(k)| > ε} does not contain the translation of any set being the support of the Fourier-Stieltjes transform of a Riesz product. By the theorem of Host and Parreau [Ho-P] , it follows that µ is a member of M 0 (T). 2) It is known that in general T H p ⊆ WAP 0 N , where WAP 0 is the space of weakly almost periodic sequences on Z with zero von Neumann mean. This at least prevents contributions from discrete measures.
Remark. 1) The best way to regard this is as the inclusion B(N) ∩ T
With the aim of producing Riesz products being H-L-measures, the lemma suggests a parameter set a k of complex numbers for k 0 with |a k | 1/2 and a k → 0. The product to consider is
Each factor is positive and convergence is in weak- * sense. It is possible to determine precisely the conditions for membership in T H p of this Riesz product based on the set {3 k }. It is for this result that the sets I k and J k were introduced as above.
Admittedly the choice of frequencies {3 k } is restrictive, but once this first analysis has been completed, the present paper will at the end of the text return to settle the question for Riesz products based on lacunary sets replacing {3 k }. Every integer has a unique representation n = ∞ k=0 ε k 3 k as a finite sum with ε k ∈ {0, ±1}. The product structure provides
A preparatory step towards the desired characterization comes first. 
The property a k → 0 is clearly a consequence of (1).
Proof. It is clear from the definition of I k that an index m can haveν(m) = 0 exactly when either of four mutually exclusive possibilities occur:
The first step is to calculate m∈I k |ν(m)| p taking the product representation ( * ) into account. The case (α) is a triviality, whereas the contribution for the case (β) is
where the inner summation is taken over all pairwise disjoint subset of {0, . . . , j − 1}.
Here E is the set of indices with ε j = 1 and F corresponds to ε j = −1. By symmetry, (γ) gives the same contribution. The case (δ) supplements a further portion
Proceeding, the membership in J k categorizes into four distinct categories:
Now the subcases in (α ′ ) are trivially bounded. The contribution of case (β ′ ) is seen in
where E and F are disjoint subsets of {0, . . . , j − 1}. Next, the similar (γ ′ ) adds correspondingly
Lastly, the contribution from (δ ′ ) is
Clearly the first condition in (J-bd) is weaker than its counterpart in (I-bd), which in turn is almost condition (1) in the statement of the proposition. The difference is a factor
, which is uniformly bounded and hence causes no problem whatsoever.
The combination of the two second parts of (I-bd) and (J-bd) obviously says
The deviation as compared to the claimed condition (2) It can be proved that in fact the condition (2) is a consequence of (1), but since it is more convenient to give both conditions an exponential form, this variation is not recorded here. 
. Take a positive number α and formulate condition (1) of Proposition 4 as follows:
This implies that
The mean value theorem applied to e x provides real numbers
It follows that
It is clear that in this argument, beginning at formula (1 ′ ), it is no loss of generality to assume all x k to be strictly positive.
Consider now a permutation π:
is non-increasing. Such permutations always exist since all x k > 0 and x k → 0, according to the remark after Proposition 4.
Thus the argument just applied to {x k } may be performed verbatim for the altered sequence {x π(k) }. The outcome is
x π(j) 2 log 2 + αk 2 .
TWO SPECIAL APPLICATIONS OF RIESZ PRODUCTS
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Rewriting this as
it is routine to determine for each s > 1 a more or less explicit, positive number γ(α, s) such that
Inserting x k = 2|a k | p this is precisely the claim.
Remark. A useful point is that given an α > 0, there is a uniform control of the Riesz products in M HL p (T) in the sense that any parameter sequence {a k } satisfying (1 ′ ) has also to satisfy (3) with bound only depending on α and s > 1.
The Corollary 6 displays that a search for singular Hankel-Littlewood measures cannot be successful when limited to 1 p < 2 and the present particular kind of Riesz products. For p = 2 there is hope of a valid construction of a singular example, and in fact two different kinds will be produced in a short while.
Theorem 7. The Riesz product ν considered above is an H-L-measure of type p if and only if
Proof. Consider the elementary inequalities
Still employing the notation
According to (3) with s = 2
with the interdependence α β αe γ(α,2) .
If this is applied to the conditions stated in Proposition 4, the property of ν being an H-L-measure of type p is equivalent to the two conditions (since
The simple, real inequality ab (a 2 + b 2 )/2 shows the estimate
k+2 }, where the left-hand side essentially appears in (B). Thus (B) is implied by
Assuming the validity of (A), the sum in this last relation can be supplemented with the terms x k+1 exp X(k + 1) and x k+2 exp X(k + 2) without altering the boundedness. Thus (C) is a consequence of the simplified condition
Observe next that
As in the proof of Lemma 5 there are numbers ξ k ∈ [X(k−1), X(k)] allowing a calculation with the mean value theorem for e x as the essential ingredient:
, when applying (A) and its consequence x k → 0 as k → ∞. The just displayed arguments show that (B) is a consequence of (A), whence the claimed result follows simply by taking square roots.
Example 8. Let a k = r/ √ k + ρ for a positive number r and where ρ is so large that a 0 1/2 but otherwise arbitrary. The corresponding Riesz product is a positive measure ν r . It is clear that
for a positive constant ω. Thus
so by the theorem of Weiss' mentioned at the beginning of the paper, every measure ν r ∈ M b and so has uniformly L 1 -bounded partial sums. Since
On the other hand
for a constant τ . It follows that
By the characterization in Theorem 7, this says that ν r is an H-L-measure of type 2 if and only if the parameter r 1/ √ 2. The conclusion, properly recorded, is that
is a singular measure with uniformly L 1 -bounded partial sums for all r > 0. It is a Hankel-Littlewood measure of type 2 if and only if r 1/ √ 2. In particular, the set of
Furthermore, it is now clear that also
has the same properties as mentioned for ν r , but in addition ν r ⊥ ν ′ r . This is easily seen from Brown's and Moran's theorem.
An additional idea is needed to show that for some ν ∈ M s (T)∩M HL p (T) the criterion of Weiss' fails, so it is at least conceivable that this measure does not belong to M b . A sort of block-like description of the parameter sequence {a k } for a Riesz product will do nicely once the type is larger than two.
Example 9. First a Riesz product in M HL 2 (T), but failing Weiss' criterion, will be constructed. Consider to this end the sequence {u k = 2 can be chosen to increase so fast that the above last right-hand side always is at most ρ and still the consistency condition holds. Thus, by Theorem 7, the sequence {v k } can be used to produce a Riesz product in M HL 2 (T) ∩ M s (T) and which, as established above, does not satisfy Weiss' criterion.
A different, somewhat weaker construction is also of value. Remark. These examples 8 and 9 illustrate that Weiss' condition is independent of the property determining Hankel-Littlewood measures. Whether or not the measures thus constructed belong to M b , although failing Weiss' criterion, has not been decided by me and I have found no relevant literature.
Example 10. Consider 1 p < 2. Thus 
